Introduction
Waviness existing in the rolling elements of a ball bearing has been regarded as one of the excitation sources in the form of bearing frequencies, i.e., principal frequencies, their harmonics and sideband frequencies. On the other hand, it introduces the time-varying components of the stiffness coefficients to change the natural vibration characteristics of the rotating system as well as its response. Because even the small shift of the natural vibration characteristics due to the ball bearing waviness may affect the precision of the modern sophisticated rotating machines, it is becoming important to investigate the stability due to ball bearing waviness in order to achieve their sound operation.
After Jones ͓1͔ proposed a generalized theory to calculate the characteristics of a ball bearing such as the contact force, stiffness, and displacement, Harris ͓2͔, Hamrock and Dowson ͓3͔ investigated the characteristics of the ball bearing due to the effect of various design parameters. In rotor dynamics, numerous researchers have used the Jones theory to calculate the stiffness in order to investigate the dynamic characteristics of their models. However, they did not include the stiffness variation due to the ball bearing waviness. Recently, Yhland ͓4͔ included the effect of waviness in his rotor dynamic model, but he calculated the stiffness resulting from the linearized contact force so that he could not explain the dynamics due to the nonlinear-load deflection characteristics of the ball bearing.
On the other hand, several researchers included the waviness of the ball bearing to the nonlinear equations of motion to investigate the nonlinear dynamic characteristics resulting from the nonlinear load-deflection effect of the ball bearing. Aktürk et al. ͓5,6͔ proposed a vibration model of a ball bearing with waviness considering three degrees of freedom. Jang and Jeong ͓7͔ proposed the excitation model of the ball bearing waviness in a rigid rotor considering five degrees of freedom of a general rotor-bearing system. But their investigations were not applied to the whole operating range, due to the inherent instability of their nonlinear governing equations resulting from the ball bearing waviness.
This research presents an analytical model to investigate the stability due to the ball bearing waviness in a rigid rotor supported by two ball bearings, as shown in Fig. 1 . The stiffness coefficients are calculated by the differentiation of the nonlinear contact forces considering the waviness of the ball bearing ͓1,7͔. The linearized equations of motion can be represented as a parametrically excited system in the form of Mathieu's equation, because the stiffness coefficients have time-varying components due to the waviness. Their solution can be assumed as a Fourier series expansion so that the equations of motion can be rewritten as the simultaneous algebraic equations with respect to the Fourier coefficients. Then, stability can be determined by solving Hill's infinite determinant of these algebraic equations. The validity of this research is proved by comparing the stability chart with the time response of the nonlinear equations of motion considering the waviness of the ball bearing.
Method of Analysis
2.1 Determination of the Stiffness Coefficients Due to the Effect of Ball Bearing Waviness. The stiffness coefficients in a rigid rotor supported by two ball bearings, as shown in Fig. 1 , can be calculated by differentiating the nonlinear contact forces with respect to the displacement of the mass center of a rotor, ͕u͖ ϭ͕x,y,z, x , y ͖ T . It is assumed that the radial and axial waviness of two ball bearings have 0 deg and 180 deg phase differences, respectively, and that the mass center of a rotor coincides with the span center of a ball bearing. Therefore, the cross-coupled stiffness coefficients, which are the off-diagonal elements in the 5 ϫ5 stiffness matrix, become zero. By differentiating the nonlinear contact forces, the direct stiffness coefficients are determined as follows ͓1͔:
In the above equations, N B , Z, j , ␦ i j , K i j , and M G j are the number of ball bearing, number of balls, azimuth angle of the j th ball, bearing deflection, load-deflection constant and gyroscopic moment of ball, respectively, and e i j and i j can be expressed as
where R i , a i , and ␣ i j are the radial and axial components of the position vectors of the groove radius center of the inner race, and the contact angles of inner race, respectively. The waviness of ball and race expressed with sinusoidal functions are included in the above Eqs. ͓4,7͔.
In the case where the mass center of the rotor coincides with the span center of two ball bearings in which the radial and axial waviness at the left and right ball bearings have 0 deg and 180 deg phase differences, respectively, the translational motion in the x, y, and z directions is decoupled from each other and the angular motion in x and y directions is coupled by the gyroscopic effect of a rotor as follows:
where m, I r , I z , and ⍀ are the mass of a rotor, the radial mass moment of inertia, the polar mass moment of inertia and the rotating speed of a rotor, respectively. The stability analysis is performed for the uncoupled translational motion and the coupled angular motions, respectively. The parametric excitation frequency in the stiffness coefficients has principal frequency and its harmonics. But the amplitude of harmonic frequencies is much smaller than that of principal frequency, so that the effect of harmonic frequencies is neglected in this analysis.
Stability Analysis of the Parametrically Excited System Due to Ball Bearing Waviness

Stability Analysis of the Parametrically Excited System
Due to Translational Motion. The equation of translational motion is expressed as follows:
where K, k, and are the average value, the amplitude of timevarying component, and the frequency of the parametric excitation of stiffness coefficient, respectively. p(t) is the generalized coordinate of translational motion, and Eq. ͑13͒ can be rewritten as
In the above equation, and are the natural frequency of a rotor corresponding to translational vibration mode, and the ratio of the amplitude of time-varying component to the average value of stiffness coefficient as Transactions of the ASME Because the frequency of the parametric excitation in Eq. ͑14͒ is , the solution has the period of Tϭ2/. Therefore, the solution p(t) has the property that
where is a constant. If a solution for which ͉͉Ͼ1, the response p(t) will grow as time increases and the solution will be unstable. If ͉͉Ͻ1, the response will decrease with time and the solution will be stable. If ͉͉ϭ1, the response will continue indefinitely without a change of amplitude and the solution will also be critically stable, in the sense that the response will be bounded. The boundary between the stable and unstable regions is determined when ϭϮ1. If ϭϩ1, p(t) must have period T and if ϭϪ1, the response must have period 2T. However, when ϭϪ1, the characteristic equation includes all the eigenvalues when ϭϩ1, so that in this research, the characteristic equation is only derived in the case of ϭϪ1 ͓8͔. For a periodic solution p(t) with period 2T, Eq. ͑14͒ could be rewritten as
In this case, p(t) can be expressed as the Fourier expansion in the following form:
where a n and b n are Fourier coefficients. The acceleration can be expressed as follows:
Substituting Eqs. ͑19͒ and ͑20͒ into Eq. ͑14͒, the equation of motion becomes
Equating the coefficients of the constant, sine, and cosine terms to be zero, linear algebraic equations are obtained in terms of a n and b n as follows:
For N terms of the Fourier coefficients of the solution, the equation of motion can be written in the matrix form
where
T . The elements of matrix ͓ P͔ are expressed in Appendix A with the dimensionless variables defined as follows:
In order that Eq. ͑29͒ has a non-trivial solution, the determinant of ͓P͔ should be zero. Since only diagonal elements of ͓P͔ contain , must be the eigenvalues of ͓P͔, and it can be rewritten as follows ͓8-10͔:
where ͓ P͔ ϭ0 is the matrix excluding from ͓P͔ and ͓I͔ is identity matrix. Consequently, Eq. ͑32͒ takes the form of Hill's infinite determinant and its solution corresponds to the boundary between the stable and unstable regions. According to the stability criterion of Hill's infinite determinant, the unstable region is determined with the following condition ͓9,10͔:
Stability Analysis of the Parametrically Excited System Due to Angular
Motion. The equations of angular motion are coupled with the gyroscopic effect of a rotor and can be expressed as
In the above equations, a and are the natural frequency of a rotor corresponding to rocking vibration mode and the ratio of the radial mass moment of inertia to the polar moment of inertia as follows:
Angular displacements, x and y in Eqs. ͑34͒-͑35͒, can be expressed as the Fourier series expansion in the following forms:
The acceleration can be expressed as
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Substituting Eqs. ͑38͒-͑41͒ into Eqs. ͑34͒ and ͑35͒, the equations of motion become
Equating the coefficients of constant, sine, and cosine terms to be zero, linear algebraic equations are obtained in terms of a n , b n , c n , and d n . For N terms of the Fourier coefficients expansion, the equations of motion can be written in the following matrix form: 
T . The elements of matrix ͓P͔ are expressed in Appendix B with the dimensionless variables as follows:
Stability analysis is performed with the same procedures as the case of the translational motion by solving Hill's infinite determinant. Tables 1 and 2 show the specifications of a rotor and a ball bearing used in this analysis. Figure 2 shows the stiffness coefficients and their frequency spectra in the case where the left and right bearings have the inner race waviness of order 16 with 180 deg phase difference. It shows that the waviness changes the stiffness periodically with respect to the stiffness without considering the waviness. It also shows that the inner race waviness of order 16 at the left and right bearings generates the time-varying components of the stiffness coefficient in the axial, radial and angular directions. Because there is no axial displacement of a rotor due to the 180 deg phase difference between the inner race waviness at the left and right ball bearings, it generates the elastic deflection along the contact angle, resulting in the time-varying components of the stiffness coefficients in the axial, radial and angular directions. Their frequency component, which is called the frequency of the parametric excitation, is the same as that of the principal frequency of the axial vibration (16( f Ϫ f c )ϭ1439.1 Hz). Figure 3 shows the stiffness coefficient and its frequency spectrum in the case where the left and right bearings have the inner race waviness of order 15 with 0 deg phase difference. It generates the time-varying component of the stiffness coefficient only in the radial direction. Inner race waviness of order 15 does not generate the time-varying components in the axial direction, because it only generates the elastic deflection in the radial direction. The frequency of the parametric excitation in the case of the inner race waviness of order 15 is 2,514 Hz, which is twice the radial vibration frequency (16( f Ϫ f c )Ϫ f ϭ1272.4 Hz). It is validated through the various simulations where the frequency of the parametric excitation of radial stiffness coefficient is exactly twice the radial vibration frequency in the case where inner race has the waviness order one higher or one lower than the number of balls. Figures 2 and 3 also show that the stiffness variation due to the inner race waviness of order 16 is much larger than the stiffness variation due to the inner race waviness of order 15, because the variation of axial contact force is much larger than that of radial contact force in the axially preloaded ball bearing. Figure 4 shows the stiffness coefficients and their frequency spectra in the case where the left and right bearings have the ball waviness or order 2. It shows that the ball waviness of order 2 generates the time-varying components of the stiffness coefficients in the axial, radial and angular directions. The frequency of the parametric excitation in the axial direction is exactly the same as that of the principal frequency of the axial vibration (2 f b ). The frequencies of the parametric excitation in the radial and angular directions are (2 f b Ϯ2 f c ), which are shifted by Ϯ f c from the principal frequencies of the radial and angular vibrations (2 f b Ϯ f c ). It is also validated through the various simulations that the frequencies of the parametric excitation of the radial and angular Table 3 shows the frequencies of the parametric excitation of the stiffness coefficients calculated from Figs. 2, 3, and 4. Figure 5 shows the stability chart determined by solving Hill's infinite determinant in Eq. ͑32͒ corresponding to the equation of translational motion in Eq. ͑14͒. The number of terms of Fourier coefficients increases until the stable and unstable regions are unchanged in the stability chart. This research includes 40 terms of Fourier coefficients (Nϭ40). All of the lines in Fig. 5 are drawn in such a way that eigenvalues are calculated with the variations of e. Unstable regions take place from the positions corresponding to ϭi 2 /4 (iϭ1,2,3,...) in the x-axis. These positions are the eigenvalues when e of the matrix ͓P͔ in Appendix A becomes zero. Resonance appears at the position of ϭ1 and eϭ0, because the natural frequency of a rotating system coincides with the frequency of the parametric excitation of stiffness coefficient. The positions corresponding to ϭi 2 /4 (iϭ1,2,3,4,5,...) and eϭ0 are also the resonance because the solution is assumed to be composed of multiple terms of Fourier coefficients with the frequencies of the parametric excitation (n/2,nϭ1,2,...). Figure 6 shows the time response of Eq. ͑14͒ at the unstable positions ͑1͒ (ϭ0.25,eϭ0.2) and ͑2͒ (ϭ0.2,eϭ0.6), and the stable position ͑3͒ (ϭ2.0,eϭ0.6) in Fig. 5 . The initial displacement and time step of numerical integration are 1ϫ10 Ϫ6 m and 1ϫ10 Ϫ7 second, respectively. Figures 6͑a͒ and ͑b͒ show that the time responses of the unstable positions ͑1͒ and ͑2͒ diverge. Figure 6͑c͒ shows that the time response of the stable position ͑3͒ repeats with bounded amplitude due to the absence of damping. Figure 6 validates the stability chart proposed by this research. Table 3 Principal frequencies of vibration †11 ‡ and stiffness coefficients due to the waviness of the rolling elements "iÐ1: intger, Z: number of balls, f: rotating frequency of inner race, f c : cage rotating frequency, f b : ball spinning frequency… Figure 7 shows the stability chart with the characteristic curves due to the waviness to generate the radial vibration, i.e., inner race waviness of order 16 (16( f Ϫ f c )) and 15 (32( f Ϫ f c )Ϫ2 f ), and the ball waviness of order 2 (2 f b Ϯ2 f c ), respectively. It is the same stability chart as shown in Fig. 6 , but it is the enlarged stability chart along the x and y-axis, respectively, and y-axis is represented in log-scale. The characteristic curves are calculated for the waviness to generate the radial vibration, i.e., inner race waviness of order 16 (16( f Ϫ f c )) and 15 (32( f Ϫ f c )Ϫ2 f ), and the ball waviness of order 2 (2 f b Ϯ2 f c ), by increasing the rotational speed from 5000 rpm to 20,000 rpm by the increment of 5000 rpm, respectively. It shows that all the characteristic curves are in the stable region. However, when the preload is decreased to 5.6 kN at the rotating speed of 10,000 rpm, as marked * in Fig.   7 , the rotating system with inner race waviness of order 16 becomes unstable. At this preload, the frequency and amplitude of the parametric excitation, and the average value of the stiffness coefficient are calculated as 1351.38 Hz, 6.55ϫ10 6 N/m and 6.45ϫ10 7 N/m, so that and e become 1.0045 and 0.101576. This position is in the unstable region of Fig. 7 . In this case, Fig.  8 shows the calculated time response of the radial displacement. It also shows that the radial displacement at this position diverges as time increases.
Results and Discussion
Stiffness Variation Due to Ball Bearing Waviness.
Stability Analysis of the Parametrically Excited System Due to Translational Motion.
Stability Analysis of the Parametrically Excited System Due to Angular Motions.
The angular motion of a rotating system is coupled by the gyroscopic effect of a rotor. The gyroscopic effect is determined by the dimensionless variable in Eq. ͑45͒, and it varies between 0.05 and 0.1 in this paper. Figure 9 shows the stability chart determined by solving Hill's infinite determinant corresponding to the equations of angular motion in Eqs. ͑34͒ and ͑35͒. The number of Fourier coefficients increases until the stable and unstable regions are unchanged in the stability chart. This research includes 40 terms of Fourier coefficients (N ϭ40). Due to the dimensionless variable , unstable regions take place from the positions in the vicinity of ϭi 2 /4 (iϭ1,2,3,...) in the x-axis. The unstable region in the vicinity of ϭ1 increases with increasing . Figure 10 shows the time response of Eqs. ͑30͒-͑31͒ at the unstable position ͑1͒ (ϭ1.0,eϭ0.4), and the stable positions ͑2͒ (ϭ0.25,eϭ0.01) and ͑3͒ (ϭ2.4,eϭ0.2) in Fig. 9 . The initial displacement and time step of numerical integration are 1 ϫ10 Ϫ6 m and 1ϫ10 Ϫ7 seconds, respectively. Figure 10͑a͒ shows that the time response of the unstable positions ͑1͒ diverges. Figures 10͑b͒ and ͑c͒ show that the time responses of the stable positions ͑2͒ and ͑3͒ repeat with bounded amplitude due to the absence of damping. Figure 10 validates the stability chart proposed by this research. Figure 11 shows the stability chart with the characteristic curves due to the waviness to generate the angular vibration, i.e., inner race waviness of order 16 (16( f Ϫ f c )) and 15 (32( f Ϫ f c ) Ϫ2 f ), and the ball waviness of order 2 (2 f b Ϯ2 f c ), respectively. It is the same stability chart as shown in Fig. 10 , but it is the enlarged stability chart along the x and y-axis, respectively, and y-axis is represented in log-scale. The characteristic curves are calculated for the waviness to generate the angular vibration, i.e., inner race waviness of order 16 (16( f Ϫ f c )) and 15 (32( f Ϫ f c )Ϫ2 f ), and the ball waviness of order 2 (2 f b Ϯ2 f c ), by increasing the rotational speed from 5000 rpm to 20,000 rpm by the increment of 5000 rpm, respectively. It shows that most of the characteristic curves are in the stable region. But all of the characteristic curves in this paper always pass through the unstable region of the vertical band corresponding to ϭ1, and the rotating system with inner race waviness of order 16 and the rotational speed of 15,000 rpm is in the unstable region at ϭ0.2199 and eϭ0.00102. Figure 12 shows the calculated time response of the angular displacement in this case. It shows that the angular displacement at this position diverges as time increases.
Conclusion
1 This paper presents an analytical method to calculate the amplitude and frequency of the parametric excitation of the stiffness coefficients due to the ball bearing waviness in order to investigate the stability of the rotating system supported by two ball bearings. 2 The inner race waviness, whose order is equal to the number of balls, generates the time varying components of the stiffness coefficients in the axial, radial and angular directions, and the frequency of the parametric excitation of the stiffness coefficients is the same as the principal frequency of the axial vibration.
3 The frequency of the parametric excitation of the radial or angular stiffness coefficient is twice the principal radial vibration frequency in the case where the inner race has the waviness order one higher or one lower than the number of balls.
4 The frequency of the parametric excitation of the axial stiffness coefficient is the same as the principal frequency of the axial vibration in the case where the ball has the waviness of order 2.
5 The frequency of the parametric excitation of the radial or angular stiffness coefficient is shifted by Ϯ f c from the principal frequency of the radial vibration in the case where the ball has the waviness order of 2.
6 Stability analysis of the parametrically excited system due to translational motion shows that unstable regions take place from the positions corresponding to ϭi 2 /4 (iϭ1,2,3,...) in the x-axis. 7 Stability analysis of the parametrically excited system in angular motions shows that unstable regions take place from the positions in the vicinity of ϭi 2 /4 (iϭ1,2,3,...) in the x-axis due to the gyroscopic effect.
